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Abstract: in this note, we provide some general discussion on the Ricci lower 
bound along Kahler-Ricci flow with singularity over closed manifold. 

1 Introduction and Set-up 

In this note, we study a topic regarding the behaviour of Ricci curvature for 
Kahler-Ricci flows over closed Kahler manifolds. This relates to the general brief 
(or conjecture) that Ricci curvature would have uniform lower bound towards 
(most) finite or infinite time singularities. A typical result is as follows, which 
is a more English version of Theorem 12.11 

Theorem 1.1. For any Kahler-Ricci flow with finite time singularity, if the 
global volume is not going to zero towards the time of singularity, then the Ricci 
curvature can not have a uniform lower bound. 

Kahler-Ricci fiow is nothing but Ricci flow with initial metric being Kahler. 
For this Kahler condition of the initial metric, the closed smooth manifold, X, 
would be given a complex structure, which is fixed for the consideration. So we 
still call this complex manifold by X. The smooth flow metric would always 
be Kahler with respect to X, as first observed by R. Hamilton. We consider 
dimcX — n ^ 2. 

Thus the standard form of Kahler-Ricci flow, a directly transformation from 
Ricci flow to a metric form flow, is as follows over X x [0, S) (for some S G (0, oo]) 

^ = -2Ric(c.(s)), c.(0)=^o, (1.1) 

where ujq is the metric form for the initial Kahler metric. The key advantage 
in our study of this flow, comparing with many earlier works, is that we no 
longer force cohomology restriction to [uiq] when setting up this flow (and the 
equivalent scalar metric potential flow appearing shortly). This allows more 
applications for this kind of geometric flow techniques and more importantly, 
makes it possible to analyze degenerate situation. This idea first appeared in [5] 
and has been rigorized and generalized in the works of [7], [1] and continuations. 

We often perform the following time-metric scaling for the above evolution 
equation, 

e* - 1 

uj{s) = e^ujt, s = — - — , 

and arrive at an equivalent version of Kahler-Ricci fiow over Ax [0,r) (for 
T = log(l + 25) e (0,(X)]), 

duJt ,~ , ~ ~ 

— = -Ric(a;f) - wt, cjo = ^^o, (1-2) 
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which is somewhat more convenient as explained in the following. 

To begin with, let's point out that the time scaling makes sure that these 
two flows would both exist up to some finite times (with finite time singularity) 
or exist forever. In the finite time singularity case, the metric scaling is by uni- 
formly control positive constants, and so one can say the equivalence is stronger. 
When they both exist forever, the metric scaling might have significant impact 
on the flow metric. For example, in the case of ci{X) = as studied in [I], 
uj{s) converges at time infinity to the unqiue Ricci-flat metric in the Kahler 
class [loq] with the lower CY standing for the more popular name as Calabi-Yau 
metric, while {X,ujt) shrinks to a metric point at time infinity. Meanwhile, in 
other cases, uj{s) has volume tending to infinty while uJt has uniformly controlled 
volume. In principle, (jl.2p always has the cohomology information [uJt] under 
uniform control, as is clear in following discussion. 

For the rest of this note, we focus on hi. 2]) . 

Let's fix the convention that [Ric] = ci{X), and then one can reduce (|1.2p 
to an ODE in the cohomology space M) := H^{X■«)C^H^■^{X■C). It's 

easy to solve it and we end up with 

=-ci(X)+e-*([c^o]+ci(X)) 

which stands for an interval in this vector space with two endpoints being [wq] 
for < = and —ci{X) formally for t — oo. It's easy to see that for (jl.ip . [w(s)] 
would evolve linearly in general, which might be a simpler function but the 
control is not as uniform. 

However, for either one, the optimal existence result in [7| tells that the flow 
metric exists as long as the class from the above consideration stays inside the 
open cone, consisting of all Kahler classes (called Kahler cone). In this note, 
we use KC{X) to denote the Kahler cone of X, and then we call its closure 
(in the finite dimensional vector space H^'^{X,R)), KC{X), is sometime called 
the numerically effective cone, using a terminology borrowed from Agebraic 
Geometry. Now the optimal existence result simply says 

T = sup{t I - ci{X) + e-' {[ljo] + ci{X)) e KC{X)} 

is the largest time to consider classic solution for (jl.2l) . This would be our 
definition for T for the rest of this work, which takes value in (0, oo]. Also from 
the result in [7], we've already shown that singularity only happens when the 
class hits the boundary of this cone, at either finite or infinite time. In other 
words, [ujt] S KC(Ar) \ KC{X). Of course, now the interesting and in general 
hard question is to see how the non-Kahler feature of this class at the boundary 
of KG{X) and the behaviour of the Kahlcr-Ricci fiow would interact with each 
other. 

The study of this topic, as well as for many other things regarding Kahler- 
Ricci flow, usually makes of the scalar version of the Kahler-Ricci flow. For 
(|1.2p . we define the following background form, 

UJt = -Ric(a;o) + e^* {ujq + Ric(a;o)) 

compatible with the notation ujq. The whole point is that [ut] = pt], and so 
LOt — UJt + \/—lddu. It's not so hard to prove the following scalar evolution 
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equation for metric potential u over X x [0,T) is equivalent to (|1.2p . 

— ^ log ^ ~ ^ = log ^ * ^ „ ^-U, U{;0)^Q. 1.3 

This evolution equation can be reformulated as 

(iOt + V^ddu)" = e^+"w^\ (1.4) 

which is why sometimes we also call it the complex Monge-Ampere equation 
type of Kahler-Ricci flow. 

Now let's also clarify that the uniform Ricci lower bound mentioned at the 
beginning. It means that there exists some constant C such that 

Ric(wt) ^ -Cujt 

uniformly for t G [0,r). In general, Ricci curvature being bounded from below 
provides some control on the metric and topology of the underlying manifold. 
So such a control is certainly favourable as an assumption and interesting as a 
result in the study of Ricci flow (see in [5] for examples of such assumptions) . 

Note: in the following, C always stands for a (positive) constant, which might 
be different at places. 



2 Finite Time Singularity 



In this section, we consider the case of T < oo. Then clearly, [ujt] G KC{X) \ 
KC{X). The following is the main result. 

Theorem 2.1. Consider with finite time singularity, i.e., T < oo. If 

[wt]" > 0, then the Ricci curvature can NOT have a uniform lower bound, i.e., 
there is NO constant D > such that Ric(a;4) ^ —Dojt uniformly for t £ [0, T). 

The proof is a combination of techniques from and jXQ} . We begin with 
some general situation and finally specify to the case of the above theorem to 
prove it. 

The following is observed earlier as in Remark 2.3 of [10 . It's clear that 
[ujt]" = pt]" > for t e [0,r), and we also have p]" = [wj]" -> [cjt]" as 
t ^ T. So [cjt]" ^ 0. In exactly the same manner, we see [ojt]"^'"' • [i^o]^ ^ 
for k = 1, - ■ ■ ,n— 1. Now rewrite uit as follows. 



1 — e \ /e — e 



and it is then obvious that for t E [0, T], 

N"~(T-0^ 

where K is defined as follows. 



n 



> X min{A: £ {0, 1, 2, • • • , n} | K]""'' • [^oT > 0}, 
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which is well-defined since [wo]" > 0. Here A ~ B ior A and B both non- 
negative means ^B ^ A ^ CB for some positive constant C. 

Note: when [wt]" > 0, /-iT = and ^ < [wt]" ^ C for constant C > 0. 

As in Subsection 2.3 of [TU], after assuming Ric(wt) ^ —CuJt for some con- 
stant C > 0, plugging it into (|1.2p gives < Cw. Then noticing T < cx), we 
arrive at ut ^ Cwq and so Ric(a;t) ^ — Ccjo- 

The equivalent equations (|1.2p and (|1.3p give 

_ ^ — - f du \ 
Ric [ujt) = — - = Ric(wo) - V-lao I + " ) ' 



and so one arrives at 



at 



Thus we can apply the classic result in [5] and have a constant a > depending 
only on (X, wq) such that for t S [0,T), 

IX 

Of course, we could make sure a ^ 1. This gives 

inf ("1^ + ^,^ ^ilogfi I e"(w+«^ 



X \dt ) ^ a . 

du 

at 



As summarized in [10] , we have % -I- u ^ C, and so 



X 















.a/ 




e a* 








n 



sf 



+ti n 



' du \ K 
inf ( ^ + u ^ -C + - log(r - t) 



where a ^ 1 is applied for the second step. So we conclude that for t e [0,T), 

X \dt 
and so 

ot a 

for a e (0, 1] depending only on (X^ujq). Directly applying Maximum Principle 
to p.3p . we have u ^ C and so 

|^^-C+-log(T-t). (2.1) 
ot a 

So in a way slightly different from that in [TU], we have u ^ —C. 

The above estimate provides a pointwise lower bound of the volume form, 
w" = e'^'^^LjQ. Combining with the metric upper bound, we arrive at the 
following proposition. 
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Proposition 2.2. Consider U.S^) with singularity at some finite time T . If 
Ric(tl't) ^ —Dujt for some constant D > and t € [0,T), then 

(T - t fujo sC 5t Cujo 

for positive constants (3 and C depending on X , ujq, T and D. 

Now we restrict to the case of Theorem 12.11 In this case, K = and so 
the above lower bound for (12.11) is uniform. Hence, the metric control in 
Proposition 12.21 is also uniform. The argument in [11] can be used to draw 
contradiction with the existence of finite time singularity at T. Theorem 12. H is 
thus proven. 

Remark 2.3. This theorem indicates that for the problem in UOf on general 
weak limit, when Ricci curvature has uniform lower hound, the discussion there 
is actually only for the global volume collapsed case. This again stresses the 
point that the discussion of collapsed case is the core for the topic of weak limit 
in general. 

It's worth pointing out that there are numerous examples satisfying the a.s- 
sumption of this theorem. For instance, we have the case discussed in l^. In 
fact, such manifold of X belongs to the class of so-called manifolds of general 
type, indicating ''majority". 

The problem on finite time singularity has been studied extensively since 
R. Hamilton's original work JBj. The Ricci lower bound assumption and N. 
Sesum's result on the blow-up of Ricci curvature for finite time singularity of 
Ricci flows over closed manfolds in automatically gives the blow-up of the 
scalar curvature, which is conjectured in general and proven for Kdhler case 
in Our theorem here actually shows that the situation has to be more 

complicated, at least in the global volume non-collapsed case. 

3 Infinite Time Singularity 

Now we consider the infinite time singularity case, i.e., T = oo and [— Ric(a;o)] = 
— ci(X) G KC{X)\KC{X). When X is projective, it is then a minimal manifold. 
Again we assume Ric(w() ^ —Dujt, which clearly gets weaker as D gets larger. 
Our discussion below is separated into cases for increasing D value, with the 
conclusion getting weaker. 

• D <1 

In this case, (HH]) gives ^ (D - l)wt, and so Ut < e^^-^^'wo. 

So clearly —ci{X) = [— Ric(wo)] = 0, and the result in [T] can be scaled to 
provide a very satisfying description of the flow metric as follows. Using 
the notations in Section 1, u}{s) = e^ujt converges exponentially fast (for 
example, Section 9.3 in [T3]) to the Ricci-flat Kahler metric ujcy, where 
this exponentially fast convergence is with respect to the parameter s = 
So as smooth forms, Ric(wt) is e~''-small while uit is e~*-positive, 
and so the above Ricci lower bound is obviously true for large time. 

• D = l 

In this case, (|1.2[) gives ^ 0, and so ujt ^ ^a- 
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Kic{ujt) + Wt ^ also tells us that the corresponding cohomology class 
-ci(X) + (-ci(X) + e-*(M + ci(X))) = e-*(M + ci(X)) e KC(X), 

and so [ujq] + ci{X) e KC(X), providing a topological restriction. 

The above uniform metric upper bound allows most of the discussion in 
Section 2 to be carried through. Together with Ric(wt) ^ —Zj ^ — wo, 

Ric (wt) = - Ric(wo) - ^f^dd 

will give us 

Again apply the classic result in ^ to get constant a > depending only 
on (X, cjq) such that for t S [0, oo), 

gQ(supx(-|f-u) + (^+u))^n ^ (J 

X 

Of course, we could make sure a ^ 1. This gives 

As summarized in [TOj, we still have ^ ^ C and u ^ C, and so in the 
same way as in Section 2, we arrive at 

Repeating the same discussion at the beginning of Section 2, we have 
[-Ric(a;o)]""''' • [uJof > for fc e {0, 1, • • • where -Ric(wo) can be 
viewed as lut for T = oo. Furthermore, [wt]" ~ e~^* with 

K-~ mxa{k G {0, 1, 2, • • • , n} \ [-Ric(a;o)]""'= • [uof > 0}, 

which is well-defined since [wq]" > 0. So we conclude that for t e [0, oo), 

. Jdu \ ^ 

mf — + u ^ t-C, 

X \dt J a 

and so 

du K ^ 

— +u^ t-C 

ot a 

for a € (0, 1] depending only on {X,ll!o)- This provides a pointwise lower 
bound of the volume form, w" = c'^^^ujq. Combining with the metric 
upper bound, we arrive at the following proposition. 

Proposition 3.1. Consider \1.2]) with the solution existing forever hut 
having infinite time singularitiy. // Ric(il)t) ^ —uit for t £ [0, oo), then 
[wo] +ci(X) e KC{X) and 

for some positive constant /3 depending on (X,ujq) 
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If we further assume K — 0, i.e., [— Ric(a;o)]" > 0, then it's the global 
volume non-collapsed case and the metric bound from the above proposi- 
tion is uniform. As in [TT], this implies [— Ric(wo)] — —ci{X) S KC{X), 
which contradicts the infinite time sinuglarity assumption which indicates 
[— Ric(a;o)] G KC{X) \ KC(X). Let's summarize it in the following corol- 
lary, which is similar to Theorem 12. II but not as neat. 

Corollary 3.2. Consider U.2\) with the solution exists forever but having 
infinite time singularity. //Ric(a;f) ^ —ujt fort £ [0, oo), then ci(X)" = 0. 

• D > 1 

This is the general case. We can only have u>t ^ e'~'*i^o for some C > 0. 
Then 

-Ce'^*wo ^ Ric(a3t) = Ric(wo) - V^dd 



du 
'dt 



Cojn-V-lddie-^'i^+u] 1 ^0. 



and we could only have 

Applying the same discussion as before for e~'^*(^ -I- u) only gives 

— + u ^ -Ce^K 
ot 

Hence, the metric bound corresponding to Proposition 13 . II is 
which is not enough to draw any decent conclusion. 

Remark 3.3. With this general lower hound of Ricci curvature for infinite 
time singularity case, when X is a projective manifold of general type, i.e., 
(— Ci(X))" > 0, by the results in \1S^ . one has the Ricci curvature being 
bounded from both sides and ^ + u ^ — C. Thus the metric bound can 
be improved to Ce~'~^*ujo ^ cDj ^ e'^'wo, not yet good enough. Notice that 
by Corollarv \3.2\ D has to be strictly bigger than one to have a reasonable 
Ricci lower bound assumption for this case. 
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